Abstract. We study Doi-Hopf data and Doi-Hopf modules for Hopf group-coalgebras. We introduce modules graded by a discrete Doi-Hopf datum; to a Doi-Hopf datum over a Hopf group coalgebra, we associate an algebra graded by the underlying discrete Doi-Hopf datum, using a smash product type construction. The category of Doi-Hopf modules is then isomorphic to the category of graded modules over this algebra. This is applied to the category of Yetter-Drinfeld modules over a Hopf group coalgebra, leading to the construction of the Drinfeld double. It is shown that this Drinfeld double is a quasitriangular G-graded Hopf algebra.
Introduction
Hopf group coalgebras have been introduced by Turaev [11] , and are important for the study of certain 3-manifolds. A purely algebraic study of Hopf group coalgebras and related structures was started in [13] , and continued by several authors, see for example [14, 15, 16] . For a recent survey, we refer to [12] . A categorical explanation was presented in [2] , where it was shown that group coalgebras, resp. Hopf group coalgebras, are coalgebras, resp. Hopf algebras in a suitable symmetric monoidal category T k . We will recall this construction in 1.4; it provides a natural method to generalize results of classical Hopf algebra theory to the setting of Hopf group coalgebras. For example, it is explained in [2, Sec. 4] how Yetter-Drinfeld modules over Hopf group coalgebras can be introduced: first we introduce the category of modules over a Hopf group coalgebra, and then we compute its center, which is a braided monoidal category, by construction. A crucial result in the classical theory is now the following: to a finite dimensional Hopf algebra H, we can associate a new Hopf algebra D(H), called the Drinfeld double of H. D(H) is quasitriangular, and the category of modules over D(H) is isomorphic to the category of Yetter-Drinfeld modules. The following natural question now arises: can this result be generalized to the setting of Hopf group coalgebras? At first glance, this looks like another straightforward application of the methods developed in [2] . This is not the case, and the underlying reason for this is the fact that the category T k is not rigid. However, we have a duality functor on T k , but this takes values in a different category Z k . To explain this, let us look at a less complicated situation. The dual of a finite dimensional coalgebra is an algebra, and the category of comodules over the coalgebra is isomorphic to the category of representations of the dual algebra. If we look at a group coalgebra, this is a coalgebra in T k , then the dual is an algebra in Z k , which turns out to be a G-graded algebra. The category of representations of such an algebra is then the category of modules graded by a (variable) G-set. We have two versions of this representation category, one with a forgetful functor to T k , and one with a forgetful functor to Z k . There are two corresponding duality results, which are explained in 1.5. Before looking at Yetter-Drinfeld modules, we consider Doi-Hopf modules; these are more general, but the formalism is easier, see [3] . Doi-Hopf data and Doi-Hopf modules in T k are discribed in 1.7 and 1.8. Our aim is then to describe the category of Doi-Hopf modules as a category of representations. Before we are able to do this, we have to introduce a new kind of graded algebra. Recall that a Doi-Hopf datum consists of a Hopf algebra H, an H-comodule algebra A and an H-module coalgebra C. This construction can be performed in any braided monoidal category, for example in the category of sets, leading to the notion of discrete Doi-Hopf datum, see 1.2. In Section 2, we introduce algebras graded by a discrete Doi-Hopf datum (G, Λ, X), and in Section 3, we discuss modules over a such a graded algebra, graded by a (G, Λ, X)-set. Now if we have a Doi-Hopf datum in T k , then the underlying algebra and the dual of the underlying coalgebra are both algebras, but in different monoidal categories. However, we can still form their smash product, and this turns out to be an algebra graded by the underlying Doi-Hopf datum (G, Λ, X), see Section 2. The main result of Section 3 states that the category of Doi-Hopf modules is isomorphic to the category of modules graded by (G, Λ, X)-sets, a result that comes in a Z-version and in a T -version, similar to the duality result in 1.5. In Section 4, this result is applied to the category of Yetter-Drinfeld modules: we introduce the Drinfeld double; it can be constructed as a smash product, and is an algebra graded by a certain discrete Doi-Hopf datum, denoted G throughout the paper. In Sections 5 and 7, we introduce quasitriangular G-graded Hopf algebras, and we show that the Drinfeld double is such a quasitriangular G-graded Hopf algebra.
1. Preliminaries 1.1. Monoidal categories. Let C be a monoidal category. One can define algebras, coalgebras, (bi)modules and (bi)comodules in C. If C is braided, then we can consider bialgebras and Hopf algebras in C. Doi-Hopf data and Doi-Hopf modules can then be introduced; in the case where C is symmetric, this was done in [6] , and it is easy to see that this can be extended to arbitrary braided monoidal categories. Let us briefly recall the definitions. Let H be a bialgebra in C. The category C H of right H-comodules is monoidal, and a right H-comodule algebra is an algebra in C H . The category of right H-modules C H is also monoidal, and a coalgebra in this category is called a right H-module coalgebra. A (right-right) Doi-Hopf datum is a triple (H, A, C), where H is a bialgebra, A is a right H-comodule algebra and C is a right H-module coalgebra. An (H, A, C)-Doi-Hopf module is an object M ∈ C together with a right A-action ν M and a right C-coaction ρ M such that thecompatibility condition ρ M ν M = (ν M ⊗ C)(M ⊗ ψ)(ρ M ⊗ A), where ψ = (A ⊗ ν C )(c C,A ⊗ A)(C ⊗ ρ A ) : C ⊗ A → A ⊗ C. ψ is called the entwining morphism. c is the braiding. We will denote the category of right (H, A, C)-Doi-Hopf modules and right A-linear right C-colinear morphisms by C(H) C A . 1.2. Discrete Doi-Hopf data. Let us describe Doi-Hopf data in Sets. An algebra in Sets is a monoid. Every set X is in a unique way a coalgebra in Sets: the comultiplication is the diagonal map X → X × X, and the augmentation map is the unique map X → { * }, where { * } is a singleton. With this coalgebra structure, every monoid is a bialgebra in Sets. A Hopf algebra in Sets is then a group. Let G be a monoid. A G-comodule algebra is a monoid Λ together with a morphism of monoids γ : Λ → G. The corresponding G-coaction Λ → Λ × G sends λ to (λ, γ(λ)). Finally, a Gmodule coalgebra is a right G-set. All these assertions are well-known; they can be proved as easy exercises, and details can be found in [2] . We conclude that a Doi-Hopf datum (G, Λ, X) in Sets consists of two monoids G and Λ, a monoid map γ : Λ → G and a right G-set X. We will call (G, Λ, X) a discrete Doi-Hopf datum. Now it is easy to show that an object in Sets(G) X Λ is a right Λ-set Y together with a map β : Y → X such that β(yλ) = β(y)γ(λ), for all y ∈ Y and λ ∈ Λ. We call Y a (G, Λ, X)-set.
An example of a (G, Λ, X)-set is Y = Λ×X, with β(λ, x) = x and (λ, x)λ ′ = (λλ ′ , xγ(λ ′ )).
1.3. The Fam-category. Let C be a braided monoidal category. To simplify the computations, we assume that C is strict; this assumptions is justified by the fact that every monoidal category is equivalent to a strict one, see for example [7] . A new braided monoidal category Fam(C) is introduced as follows: objects are families of objects in C indexed by a set X, which we denote as M = (X, (M x ) x∈X ), where X is a set, and M x ∈ C, for all x ∈ X.
The composition of morphisms is defined in the obvious way. The tensor product on Fam(C) is given by
Group-coalgebras and Hopf group-coalgebras have been introduced by Turaev in [11] . In [13] , Virelizier studied Hopf group-coalgebras from an algebraic point of view. Group-coalgebras and related structures have been investigated by several authors, see for example [14, 15, 16] . For a recent survey, see [12] . Let k be a field (or, more generally, a commutative ring), and M k the category of k-vector spaces (or, in the case where k is a commutative ring, k-modules). Now consider the categories
Z k and T k have the same objects M = (X, (M x ) x∈X ), where X is a set, and M x is a k-module, for all x ∈ X. For the description of the morphisms in
It was observed in [2] that a group-coalgebra (resp. a Hopf group-coalgebra) is a coalgebra (resp. a Hopf algebra) in
op . An algebra in T k is a collection of k-algebras indexed by a set X. In a similar way, a coalgebra in Z k is a collection of k-coalgebras indexed by a set X. Algebras in Z k are in one-to-one correspondence to algebras graded by a monoid.
Isomorphism of categories.
Let C be as in 1.3, and consider the subcategory Fam bij (C) of Fam(C), with the same objects as Fam(C), but with morphisms of the form (f, (ϕ x ) x∈X ), with f a bijection. Then we have an isomorphism F between the categories Z bij k and T bij k , acting as the identity on objects. At the level of morphisms, F is defined by
1.6. A duality result. It is well-known that the dual B = C * of a kcoalgebra C is a k-algebra; we have a functor M C → M B op , which is an isomorphism of categories if C is finitely generated and projective as a kmodule. We will now discuss a similar result for group coalgebras. Actually, it is a special case of a more general duality result that will be discussed in the subsequent sections. But this special case might be illuminating, as it incorporates some of the subtleties that will reappear later in a more general situation, and this is why we decided to give an outline here. Let A be a G-graded k-algebra, and Z A the category of right modules over A, viewed as an algebra in Z k . The objects of Z A are couples (X, M ), where X is a right G-set, and M = ⊕ x∈X M x is a right A-module graded by X; we refer to [9] for detail on modules graded by G-sets.
for all x ∈ X. It is obvious that we have a forgetful functor Z A → Z k .
We have a second category T A , with the same objects as Z A , but morphisms defined in a different way: (f, (ϕ y ) y∈Y ) : (X, M ) → (Y, N ) consists of a morphisms of right G-sets f : Y → X, and a bunch of k-linear maps ϕ y : M f (y) → N y such that ϕ yg (ma) = ϕ y (m)a, for all m ∈ M f (y) and a ∈ A g . Observe that we have a forgetful functor T A → T k .
In a similar way, we have two categories associated to a group coalgebra C = (G, (C g ) g∈G ), one with a forgetful functor to T k , and the other one with a forgetful functor to Z k . The two categories T C and Z C have the same objects (X, (M x ) x∈X ), where X is a right G-set, M x is a k-module, and
are k-linear maps such that the following coassociativity and counit conditions hold:
Now let C be a group coalgebra, and suppose that the underlying monoid G is a group. Write
We have functors T : T C → T B and Z : Z C → Z B defined as follows: at the level of objects, T and F are defined in the same way:
with the following right B-action: for m ∈ M x and ξ ∈ B g = C * g −1 :
At the level of morphisms, T and Z are the identities. If every C g is finitely generated and projective as k-modules, then T and F are isomorphisms of categories. The inverse functors are defined as follows: if M is graded by the G-set X, then
We implicitly introduced the following notation, which will be used throughout the rest of this paper. It is well known that C g is finitely generated and projective if and only if there exists a unique ξ (g) ⊗ c (g) ∈ C * g ⊗ C g , called finite dual basis of C g (summation is implicitly understood) such that c = ξ (g) (c)c (g) and ξ = ξ(c (g) )ξ (g) for all c ∈ C g and ξ ∈ C * g . Also observe that
be a semi-Hopf group coalgebra, that is a bialgebra in T k . This means that we have the following data and properties:
• G is a monoid;
• H g is a k-algebra, for every g ∈ H;
• we have k-algebra maps ε : H e → k and ∆ g,g ′ :
for all g, g ′ ∈ G. The Sweedler notation for the comultiplication maps is the following:
The following coassociativity and counit property have to be satisfied:
This means that we have the following data and properties:
• X is a right G-set;
• A x is a k-algebra, for all x ∈ X;
• we have k-algebra maps ρ x,g : A xg → A x ⊗ H g ; The following coassociativity and counit properties have to hold:
We use the following Sweedler-type notation for the coaction maps:
Finally, let C = (Λ, (C λ ) λ∈Λ ) be a right H-module coalgebra. This means that we have the following:
• Λ is a monoid, and we have a monoid morphism γ : Λ → G;
• C λ is a right H γ(λ) -module, for every λ ∈ Λ;
• C is a group-coalgebra, that is, we have k-linear maps ∆ λ,λ ′ : C λλ ′ → C λ ⊗ C λ ′ and ε : C e → k satisfying the appropriate coassociativity and counit properties; • the following compatibility conditions have to be fulfilled: for all c ∈ C λλ ′ and h ∈ H γ(λλ ′ ) , we have
and ε(ch) = ε(c)ε(h), for all c ∈ C e , h ∈ H e . Observe that (G, Λ, X) is a discrete Doi-Hopf datum; we call it the discrete Doi-Hopf datum underlying (H, A, C). • k-linear maps ρ y,λ : M yλ → M y ⊗ C λ , satisfying the appropriate coassociativity and counit conditions; • the following compatibility conditions have to be satisfied, for all m ∈ M yλ and a ∈ A β(yλ) :
Here we use the following Sweedler-type notation for the coaction on M :
G is a right G-module by right multiplication, and the identity on G is a morphism of monoids.
H consists of the following data: Y is (G, G, G)-set as above; every M y is a right H β(y) -module, and ρ yg : M yg → M y ⊗ H g is a coassociative coaction. For every m ∈ M yg and h ∈ H β(yg) , we have the compatibility relation
These Doi-Hopf modules are simply called Hopf modules, and have been considered in [2, Sec. 3.1] , where the Structure Theorem for Doi-Hopf modules was discussed.
Let Z k (H)
C A be the category with the same objects as
• for all y ∈ Y and λ ∈ Λ, diagram (4) commutes.
Algebras graded by a discrete Doi-Hopf datum Definition 2.1. Let (G, Λ, X) be a discrete Doi-Hopf datum. A (G, Λ, X)-graded algebra is an associative algebra A (not necessarily with unit) together with a direct sum decomposition
where δ is the Kronecker symbol. Moreover, for every x ∈ X, there exists a 1 x ∈ A e,x such that
Proposition 2.2. Let A be a (G, Λ, X)-graded algebra, with either G or Λ a group, and put
, it follows that a1 y = δ x,y a and 1 y a = δ y,xγ(λ) −1 a.
In particular, 1 x 1 y = δ x,y 1 x , so {1 x | x ∈ X} is a set of orthgonal idempotents. This implies the following: for any finite subset I ⊂ X, we have the following implications:
Now take a finite subset B ⊂ A. There exist λ 1 , · · · , λ n ∈ Λ and
We can always add e to {λ 1 , · · · , λ n }, so it is no restriction to assume that λ 1 = e. Let a be a homogeneous component of one of the elements of B. Then we find i ∈ {1, · · · n} and j ∈ {1, · · · , m} such that a ∈ A λ i ,x j .
and then it follows that b(
for all b ∈ B. If X is finite, then the above arguments show that 1 = x∈X 1 x is a unit for A, and then A is a unital Λ-graded algebra. From (5) and (6), we deduce that A e,x A e,x ′ = δ x,x ′ A e,x ′ . Therefore every A e,x is a k-algebra, with unit 1 x , and (X, (A e,x ) x∈X ) is an algebra in T k . Assume that X is finite, so that A is a unital Λ-graded algebra. Then 1 ∈ A e , see for example [8, Prop. I.1.1], and we can write 1 = x∈X 1 x ∈ ⊕ x∈X A e,x . Proposition 2.3. Take a discrete Doi-Hopf datum (G, Λ, X), with G or Λ a group, and assume that X is finite. The following assertions are equivalent:
is a unital Λ-graded algebra, and, with 1 x ∈ A e,x defined as above,
Proof. (a) ⇒ (b). We have already seen above that A is a unital Λ-graded algebra; (8-9) follow immediately from (5-7). (6) . (7) is proved in a similar way: let b ∈ A λ,xγ(λ) . It follows from (9) that 1
In order to show that (5) holds, take a ∈ A λ,x and b ∈ A λ ′ ,x ′ . Then ab ∈ A λλ ′ , since A is a Λ-graded algebra. Now we have that
Since A is a Λ-graded algebra, a ∈ A λ and b ∈ A λ ′ , we have that
hence we have that ab = y∈X c y 1 y , with c y ∈ A λλ ′ ,y . Now b1
and this shows that (5) holds.
2-categorical interpretation.
The definition of algebra graded by a discrete Doi-Hopf datum can be rephrased in terms of 2-categories. For more detail on 2-categories, we refer the reader to [1, Ch. 7] . To a discrete Doi-Hopf datum (G, Λ, X), we associate a 2-category G, under the assumption that G or Λ is a group. The objects of G are the elements of X, and the morphisms are the elements of Λ × X. (λ, x) ∈ Λ × X is a morphism with target x and source xγ(λ) −1 : s(λ, x) = xγ(λ) −1 and t(λ, x) = x. Then the composition (λ ′ , z) • (λ, y) is defined if and only y = t(λ, y) = s(λ ′ , z) = zγ(λ ′ ) −1 , and, in this case (λ ′ , z) • (λ, y) = (λλ ′ , z). It is easy to verify that the identity morphism on x is (e, x). Like every category, G can be viewed as a 2-category: the 0-cells are the objects of G, and, for all x, y ∈ X, Hom(x, y) is the discrete category with objects the morphisms x → y in G. The only 2-cells are then the identity 2-cells. For every x ∈ X, we have the unit functor u x : 1 → Hom(x, x), sending the object 0 of 1 to (e, x), and the morphism 1 of 1 to the identity of (e, x). 1 is the category with one object 0 and one morphism 1. The category of k-modules M k is monoidal, so it can be viewed as a bicategory with one object * . To simplify notation, we will treat M k as if it were a strict monoidal category, or a 2-category with one object. The unit functor u * : 1 → M k sends 0 to k and 1 to the identity of k.
Proposition 2.5. Assume that X is finite, and that Λ or G is a group. Then we have a bijective correspondence between (G, Λ, X)-graded algebras and lax functors F : G → M k .
Proof. According to [1, Def. 7.5.1], a lax functor F : G → M k consists of the following data: (a) for every x ∈ X, a 0-cell F (x) of M k . Since M k has only one 0-cell, so there is only one way to define F at the level of 0-cells; (b) for every x, y ∈ X, a functor
(c) for x, y, z ∈ X, we have to give a natural transformation µ : F x,y ⇒ F y,z → F x,z . This means that for every (λ, y) ∈ Hom(x, y) and (λ ′ , z) ∈ Hom(y, z), we have to give a k-linear map
which is precisely what is needed to define on A = ⊕ (λ,x)∈Λ×X A (λ,x) a multiplication that satisfies (5) . The naturality of µ is automatically fulfilled since Hom(x, y) is discrete. The associativity of the multiplication on A follows from the functorial properties of F . (d) For all x ∈ X, we need a natural transformation
This natural transformation is determined by a linear map
The diagrams (7.12) in [1] have to commute. In our particular situation, this means that the diagrams
A λ,x commute. Now write 1 x = δ x (0)(1 k ). The commutativity of the above diagrams is equivalent to (6-7).
2.6. The smash product. We propose a first method to construct algebras graded by a discrete Doi-Hopf datum (G, Λ, X), in the situation where G or Λ is a group. Let A be a right H-comodule algebra, as in 1.7. Let B be a Λ-graded algebra, and assume that every B λ is a left H γ(λ) −1 -module; the action of h ∈ H γ(λ) −1 on b ∈ B λ is denoted by h⇀b. Moreover, assume that (10) h⇀(bb
Here B λ #A x = B λ ⊗ A x as a k-module. We define a multiplication map on B#A, making it a (G, Λ, X)-graded algebra. We need to define multiplication maps
, then we let this multiplication map be zero. For
Proposition 2.7. With notation as above, B#A is an algebra graded by (G, Λ, X).
Proof. We have to show that the mulitplication is associative. Take
With the same notation, we easily compute that
2.8. The Koppinen smash product. Now we introduce a second method to construct algebras graded by a discrete Doi-Hopf datum. Let (H, A, C) be a Doi-Hopf datum in T k , with Λ a group, and let
We define multiplication maps
Proposition 2.9. A, as defined in 2.8 is an algebra graded by (G, Λ, X).
Define e x : C e → A x by e x (c) = ε(c)1 x . Then it is easy to compute that e x #g = g and f #e x ′ = f .
2.10.
Let (H, A, C) be a Doi-Hopf datum in T k , with Λ a group, and put
with B λ = C * λ −1 . In 1.6, we showed that B is a Λ-graded algebra. B λ is a left H γ(λ) −1 -module: for ξ ∈ B λ , h ∈ H γ(λ) −1 and c ∈ C λ −1 , let (h⇀ξ)(c) = ξ(ch).
It is easy to verify that (10) is satisfied:
Now we can consider the smash product B#A, as in 2.6. Consider the maps
It is well-known that α λ,x is an isomorphism of k-modules if C λ is finitely generated and projective as a k-module. For later use, we describe α −1 λ,x , using the notation introduced in 1.6 for the dual basis of C λ :
Proposition 2.11. With notation as in 2.10,
is a morphism of algebras graded by (G, Λ, X). If every C λ is finitely generated and projective as a k-module, then it is an isomorphism.
It is also obvious that α e,x (ε#1 x ) = e x . 
Modules graded by (G, Λ, X)-sets
Indeed, for all z ∈ Z, λ ∈ Λ and x ∈ X, we have
Example 3.3. Recall from 1.2 that Y = Λ × X is a (G, Λ, X)-set. Let A be a (G, Λ, X)-graded algebra; then A viewed as a right A-module is graded by the (G, Λ, X)-set Λ × X. We need to verify that
We have seen in 1.2 that (λ, x)λ ′ = (λλ ′ , xγ(λ ′ )) and β((λ, x)λ ′ ) = xγ(λ ′ ), and then (14) reduces to (5) . It is also easy to check the unit condition: for a ∈ A λ,x , we have that a1 β(λ,x) = a1 x = a. Now fix x ∈ X. Then
is a right A-module graded by the G-set Z x .
Assume now that X is finite; then we know that A is an algebra with unit 1 = x∈X 1 x . If M is a right A-module graded by a (G, Λ, X)-set Y , then we have for all m ∈ M y that m1 x = 0 if x = β(y), hence m1 = x∈X m1 x = m1 β(y) = m, so M is a unital A-module. It also follows from (12) that M y A λ ⊂ M yλ , hence M is a right A-module graded by the Λ-set Y . We refer to [9] for a discussion of modules graded by G-sets.
Conversely, let M be a right A-module graded by a Λ-set Y (which is not necessarily a (G, Λ, X)-set). Since 1 = x∈X 1 x , we have, for all y ∈ Y ,
If M is graded by a (G, Λ, X)-set Y , then it follows from (12) that M y 1 x = {0} if x = β(y), and then we find that M y 1 β(y) = M y . Hence at most one direct summand in (15) is nontrivial. 
If x = β(y)γ(λ), then ma = 0. In any case ma ∈ M yλ , so we conclude that (12) holds, since β(y)γ(λ) = β(yλ). 
has the same objects as Z
commutes, for all y ′ ∈ Y ′ and λ ∈ Λ.
Observe that these definitions are designed in such a way that we have forgetful functors
Proposition 3.5. Let (H, A, C) be a Doi-Hopf datum in T k . Then we have fully faithful functors
At the level of objects, the functors are defined in the same way:
, with multiplication maps M y ⊗A λ,β(yλ) → M yλ given by the formula
At the level of morphisms, T and Z are defined by
Proof. We will show that the action (18) is associative and satisfies the unit property. Take f ∈ A λ,x , f ′ ∈ A λ ′ ,x ′ , with x ′ = xγ(λ ′ ), so that f #f ′ ∈ A λλ ′ ,x ′ . Let m ∈ M y , and take x = β(y). Now
The unit property is handled as follows. For m ∈ M y , we have
Now we look at the morphisms. Let (η, (
We then have to show that it is also a morphism (Y,
. To this end, it suffices to show that the diagrams (17) commute. Take m ∈ M η(y ′ ) and f ∈ A λ,β(η(y ′ )λ) . Then
Finally, take a morphism (η, (ϕ y ) y∈Y ) :
. To this end, we have to show that (16) commutes. For m ∈ M y and f ∈ A λ,β(yλ) , we have Proof. We will construct a functor G :
with structure described as below. a) M y is a right A β(y) -module: ma = mα e,β(y) (ε#a), for m ∈ M y , a ∈ A β(y) . Let x = β(y). It is straightforward to see that this action is associative. b) Coaction maps ρ y,λ : M yλ → M y ⊗ C λ are defined as follows:
where we use the notation introduced in 1.6. We have to show that this coaction is coassociative. For m ∈ M yλλ ′ , we have that
These expressions are equal since
Let us prove that the counit property holds. For m ∈ M y , we have (M y ⊗ ε)ρ y,e (m) = mα e,β(y) (ξ (e) #1 β(y) )ε(c (e) ) = mα e,β(y) (ε#1 β(y) ) = m.
Finally, we need to prove that the action and coaction on M are compatible, that is,
for m ∈ M yλ and a ∈ A β(yλ) .
(1)
Let us now show that T and G are inverses.
, where every M y is a right A β(y) -module; this new action is denoted ·, and we prove that it coincides with the original one: for m ∈ M y and a ∈ A β(y) , we have
We also have to show that the coaction mapsρ y,λ on GT (Y, (M y ) y∈Y ) coincide with the original ρ y,λ on (Y, (M y ) y∈Y ). For all m ∈ M yλ , we havẽ
, with new right A-action denoted ·. In order to show that this new action coincides with the original one, it suffices to show that m · f = mf , for all m ∈ M y and f ∈ A λ,β(yλ) of the form
where ξ ∈ C * λ −1 and a ∈ A β(yλ) .
It is left to the reader to show the result at the level of morphisms. The inverse H of Z is constructed in a similar way.
Yetter-Drinfeld modules and the Drinfeld double
4.1. Crossed G-sets. Let G be a group. Recall that a right crossed G-set is a G-set V together with a map ν : V → G such that
for all v ∈ V and g ∈ G. This notion goes back to Whitehead, and it can be reformulated as follows. Observe first that G is a right G × G-set, with action
The diagonal map γ : G → G × G is clearly a morphism of monoids. Hence G = (G × G, G, G) is a discrete Doi-Hopf datum. Then it is easy to see that a right crossed G-set is the same thing as a G-set. The category X G G of right crossed G-modules is a braided monoidal category: for two crossed
) is again a crossed G-set. The unit object is the singleton { * }, as a trivial right G-set, together with the map sending * to the unit element e ∈ G.
The braiding c V,V ′ : V × V ′ → V ′ × V and its inverse are given by the following formulas:
This can be verified directly, see [5] or [7, XIII.1.4] . It is also a consequence of the (folklore) fact that the category of crossed G-sets can be obtained from the category of G-sets using the centre construction, see [2, Sec. 4] for a detailed explanation.
Hopf group coalgebras.
Recall that a Hopf group coalgebra is a semi-Hopf group coalgebra H (as in 1 .7), such that the underlying monoid G is a group, together with maps S g , S g :
for all g ∈ G and h ∈ H e . The S g are called the antipode maps, while the S g are called the twisted antipode maps. The S g are then the antipode maps of the opposite Hopf group coalgebra H op , which is defined as follows: H op g = H g , with opposite multiplication, and ∆ op g,g ′ = ∆ g,g ′ . For all g ∈ G, S g is the inverse of S g −1 and, according to [13] , they always exist in the case when each H g is finite dimensional (G is arbitrary).
Yetter-Drinfeld modules.
Let H be a semi-Hopf group coalgebra. Right-right H-Yetter-Drinfeld modules were introduced in [2, Def. 4.4] . We recall this definition in the special case where H is a Hopf group coalgebra. We need an object M = (V, (M v ) v∈V ) ∈ T k , with V a crossed right G-set (G a group), together with the following structure:
• every M v is a right H ν(v) -module; • M is a right H-comodule, with coaction maps ρ v,g : M vg → M v ⊗H g . The following compatibility condition has to be satisfied
H is the category of right-right H-Yetter-Drinfeld modules and morphisms that are morphisms in T H and T H .
The category YDZ
H H is introduced in a similar way; the objects coincide with the objects of YDT H H , and the morphisms have to be morphisms Z H and Z H .
4.4.
A Doi-Hopf datum. Let H be a Hopf group coalgebra. Then H op ⊗H is also a Hopf group coalgebra. Then H is a right H op ⊗H-comodule algebra, with structure maps
A technical but straightforward computation shows that the coassociativity and counit properties hold. (20) is equivalent to (19), as needed. The statement at the level of morphisms is left to the reader. 4.6. Now assume that H λ is finitely generated and projective as a k-module, for every λ ∈ G. Combining Proposition 4.5 and Theorem 3.6, we find a G-graded algebra D(H) such that the categories YDT
is called the Drinfeld double of H, and can be described in two isomorphic ways: as a smash product or as a Koppinen smash product. A straightforward computation based on our previous results leads to these constructions. Smash product.
We describe the multiplication on D(H). Let ξ ∈ H
First recall the following notation.
Koppinen smash product.
G-graded bialgebras
Definition 5.1. Let A = ⊕ λ,g∈G A λ,g be a G-graded algebra. We call A a G-graded bialgebra if we have the following additional structure on A: for every λ ∈ G, (G, (A λ,g ) g∈G ) is a semi-Hopf group coalgebra, with structure maps
A λ,e → k, such that the following compatibility conditions hold:
(24) ε e (1 e ) = 1.
Definition 5.1 has a monoidal justification, similar to the monoidal justification of the definition of a bialgebra. Let C be the category with objects of the form (V, M = ⊕ v∈V M v ), with V a crossed G-set, and every
. Now C is a monoidal category. The tensor product is defined as follows
The unit object is ({ * }, k). Now let A be a G-graded algebra, and consider the forgetful functor Let G be a group, and A a G-graded algebra. We have a bijective correspondence between
• monoidal structures on Z G A such that the forgetful functor U is strictly monoidal;
• G-graded bialgebra structures on A.
Proof. Assume that we have a monoidal structure on Z G A such that U is strictly monoidal. We first describe the structure maps ε λ and ∆ λ,g,g 1 . Then the unit object is k, with a certain right A-module structure. From Definition 3.1, we know that this action is determined by maps
for a ∈ A λ,e . From Example 3.3, we know that
As an object in C,
The crossed G-set structure on G × G × G × G is the following:
Now we have a right A-module structure on A ⊗ A. According to Definition 3.1, this is given by multiplication maps
Take λ = λ ′ = e, and replace λ ′′ by λ; this gives multiplication maps
For later use, observe that, for a ∈ A λ,g λ ,g ′λ ,
We now have to show that the maps ε λ and ∆ λ,g,g ′ satisfy the conditions of Definition 5.1. Before we do this, we show that the right A-action on M ⊗ N is completely determined by the maps ∆ λ,g,g ′ , for all M, N ∈ Z G A . We proceed as follows. Let (V, M ) ∈ Z G A , and fix elements v ∈ V and m ∈ M v . Recall from 1.2 that G × G is a crossed G-set, with structure maps
In Example 3.3, we have seen that
is a crossed G-subset of G × G and that
It follows from (12) 
A , fix v ′ ∈ V ′ and n ∈ N v ′ , and repeat the above construction. We obtain a morphism (η ′ , g n ) :
A . From the functoriality of the tensor product, it follows that (
We are now ready to show that each A λ is a semi-Hopf group coalgebra. The (trivial) associativity constraint a A,A,A
is a morphism in Z G A ; in particular a A,A,A is right A-linear. For all a ∈ A λ,gg ′ g ′′ , we have that
which is precisely the required coassociativity condition. Now we prove the counit conditions. The (trivial) left counit constraint
The right counit property is handled in a similar way. Now let a ∈ A λ,gg 1 and
.
This proves that (21) holds. Now take a ∈ A λ,e and a ′ ∈ A λ ′ ,e . Then
and ε e (1 e ) = 1 k · 1 e
We have already seen that V × V ′ is again a crossed G-set. Now we define a right A-module structure on
using (25). Then straightforward computations show that this makes Z G
A into a monoidal category such that the forgetful functor to C is strictly monoidal. Let us show that the tensor on Z G A is functorial. Consider morphisms
and we have to show that it commutes. Since (η, ϕ) and (η ′ , ϕ ′ ) are mor-
as needed.
It would be nice to have a result similar to Theorem 5.2, with the category Z G A replaced by T G A . Unfortunately, we were only able to prove it in one direction. First, we need to introduce the category D, which can be viewed as the T -version of C: it has the same objects as C, and a morphism (V, M ) → (W, N ) is a couple (η, (ϕ w ) w∈W ), with η : W → V a morphism of crossed G-sets, and ϕ w : M η(w) → N w k-linear, for all w ∈ W . Proof. As in the proof of Theorem 5.2, we define a right A-module structure on (V × V ′ , M ⊗ M ′ ) using (28), and on ({ * }, k) using (25). Let us show that the tensor product on T G A is functorial. Take morphisms (η, (ϕ w ) w∈W ) :
and we have to show that it commutes. (η, (ϕ w ) w∈W ) and (
and a 2 ∈ A λ,ν ′ (η ′ (w ′ )) λ , we have that
where we used the following property, for all h ∈ H e :
This proves one equality of (35); the proof of three other equalities is similar and is left to the reader.
Braidings and quasitriangular G-graded Hopf algebras
Definition 7.1. Let A be a G-graded bialgebra. A is called quasitriangular if it comes equipped with the following additional structure: for all g, g ′ ∈ G, we have
such that the following conditions are fulfilled:
In addition, we have for all a ∈ A λ,g λ g ′λ that
Here τ is the switch map.
Definition 7.1 has a monoidal categorical justification. Let G be a group, and A a G-graded bialgebra. We know that Z G A is a monoidal category, and that the forgetful functor U :
with the inverse braiding c −1 . Then we can look at braidings on Z G A such that U preserves the braiding. Such a braiding is of the form (c −1 ,t), where c is the braiding on X G G as described in 4.1. In Proposition 5.3, we have seen that we have a monoidal structure on T G A such that V : T G A → X G G is monoidal, and we can consider braidings on T G A of the form (c, t), i.e. they are such that V preserves the braiding. 
Proof. Given a braiding (c, t) on T G
A , a braiding (c −1 ,t) on Z G A is given by the formula
and vice versa. Next assume that we have a braiding (c −1 ,t) 
A , we have the braiding morphism (c −1
Then we have
. We will show that the braidingt is completely determined by the R g,g ′ . Take m ∈ M v , n ∈ N v ′ . We have seen in the proof of Theorem 5.2 that we have morphisms
From the naturality of (c −1 ,t), we have the following commutative diagram
. From the commutativity of the diagram, it then follows that
The inverse braiding can be described in a similar way: by assumption,t M,N is invertible, and
In fact the inclusions in (42) and (45) are equalities, sincet M,N is bijective. In particular, we find that
The Q g ′ ,g describe the inverse braiding completely. Arguments similar to the ones above show that, for m ∈ M v and n ∈ N v ′ :
Then we compute that
This shows that (37) holds. From the fact that (c −1 ,t) is a braiding, it follows that
Now we compute that
g,g ′′ . This shows that (38) holds. (39) can be proved in a similar way:
′′ . Now take a ∈ A λ,g λ g ′λ . Sincet A,A is right A-linear, we havẽ (40) follows, and we have shown that the R g,g ′ define a quasitriangular structure on A. Conversely, if A is quasitriangular. Then we definet M,N using (44). A lengthy but straightforward computation shows that (c −1 ,t) is a braiding on Z G A . Now let H be a Hopf group coalgebra, and assume that every H g is finitely generated and projective as a k-module. Then the category YDZ First we discuss discrete Yetter-Drinfeld data, these are Yetter-Drinfeld data in Sets. This is a four-tuple (L, G, Λ, X), where L and G are groups, Λ is a monoid, ψ : Λ → L and γ : Λ → G are monoid maps, and X is a set with compatible left L-action and right G-action. A crossed (L, G, Λ, X)-set is a right Λ-set V together with a map ν : V → X such that ν(yλ) = ψ(λ) −1 ν(y)γ(λ). If (L, G, Λ, X) is a discrete Yetter-Drinfeld datum, then we have a discrete Doi-Hopf datum (L×G, Λ, X), with (ψ, γ) : Λ → L×G, and x(l, g) = l −1 xg. An (L × G, Λ, X)-set is the same as a crossed (L, G, Λ, X)-set. An example of a discrete Yetter-Drinfeld datum is G = (G, G, G), as discussed in the previous Sections. Example 8.2. Let (L, G, Λ, X) be a discrete Yetter-Drinfeld datum. The crossed (L, G, Λ, X)-structures on a singleton { * } are in bijective correspondence with X 0 = {x 0 ∈ X | x 0 γ(λ) = ψ(λ)x 0 , for all λ ∈ Λ}. The right Λ-action on { * } is the trivial one, and ν( * ) = x 0 . In the case where L = G = Λ = X, X 0 is just the center of G. Example 8.3. We consider a particular instance of Example 8.2. At the discrete level, take L = G = Λ = X. The left and right G-action on X = G are given by multiplication. We fix x 0 ∈ X = G, and define ψ, γ : Λ → G by ψ(g) = x 0 gx −1 0 and γ(g) = g. It is then easy to see that x 0 ∈ X. We thus have a discrete Yetter-Drinfeld datum, which we will denote by (G, G, G, x 0 G). Let H be a Hopf group coalgebra, with underlying group G; we construct a Yetter-Drinfeld datum in T k with underlying discrete Yetter-Drinfeld datum (G, G, G, x 0 G). Let K = H and A = H, with H-bicomodule algebra structure induced by the comultiplication maps. Now we make C = H into an H-module coalgebra. Every H λ is a right H λ -module, by multiplication. Consider a family of algebra maps ϕ = (ϕ λ : H x 0 λx 
